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Abst rac t  
Due to Gr6tzsch and Grfinbaum, the following configurations are known to be 3-color 
reducible: (a) a quadrangle, (b) a pentagon incident with four 3-vertices, and (c) a triangle 
incident with a 3-vertex. Planar graphs are constructed with arbitrarily large minimal distance 
d between triangles, having no (b) or (c), and such that 'clenching' any quadrangle decreases d.
In the three color problem (for an excellent survey see [7]), one of the directions is 
known as the Grfinbaum-Havel problem: Does there exist a constant do such that every 
planar graph with minimal distance between triangles at least do is 3-colorable? 
Between the years 1963 and 1978, Grfinbaum, Havel, Aksenov, Melnikov, and 
Steinberg raised the lower bound for do to 4 (for details see [1, 7]). In other words, if 
the minimal distance between triangles in a given graph is denoted by d, then 
4-chromatic planar graphs have been found in which d is 3. 
In the proof of Grotzsch's 3-color theorem [3], which states that every planar graph 
without triangles is 3-colorable, the reducibility of the following two configurations i  
established: (a) a 4-face, and (b) a pentagon incident with four 3-vertices. The reduc- 
tion of the 4-face is achieved by a 'clenching' operation consisting of identifying a pair 
of opposite vertices in the 4-face. In the proof of Gri inbaum's 3-color theorem, which 
states that every planar graph with as many as three triangles is 3-colorable, the 
reducibility of a third configuration is established: (c) a triangle incident with a 
' This research was completed while the author was visiting Nottingham University under grants from the 
SERC and the Royal Society. It was also supported by the Soros Foundation, the Russian Foundation of 
Fundamental Research, Grant 93-011-1486, and the Universities of Russia Scheme. 
* E-mail: brdnoleg@math.nsk.su. 
0012-365X/96/$15.00 ~ 1996 Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(95)001 14-X 
248 O.V. Borodin/Discrete Mathematics 159 (1996) 247 249 
3-vertex. No non-trivial 3-color reductions other than (a), (b), and (c) are presently 
known. This raises the question of whether a solution to the Griinbaum-Havel 
problem in the positive could be achieved based on application of these three 
reductions alone. 
The purpose of this note is to give a construction of a class of planar graphs with 
arbitrarily large d, without (b) or (c), for which the reduction of (a) is not applicable, 
due to the fact that the clenching of each 4-face decreases the value of d. (For d ~< 10, 
this result was announced in [2].) The construction admits obvious extensions and at 
least shows the difficulties to be encountered in attempts to solve the Griin- 
baum-Havel problem in the positive. On the other hand, it is conceivable that among 
these irreducible graphs is a 4-chromatic specimen for arbitrarily large d, which would 
settle the problem in the negative. 
Theorem. For arbitrary constant C there exist planar 9raphs with d > C such that 
(a) the identification of any pair of opposite vertices in any 4-face results in a decrease 
in d, 
(b) no pentagon is incident with four 3-vertices, and 
(c) no triangle is incident with a 3-vertex. 
Proof. Take any cubic plane graph G. Create a new graph G' from G by the following 
two operations. First, 'blow up' every edge in G as in Fig. 1. In the resulting raph, 
'chop' up every edge into 3.2 k- 1 + 1 slices, where k ~> 2, as in Fig. 2. Observe that in 
G' the identification of any pair of opposite vertices in any 4-face results in a decrease 
in d by 1, and that no triangle is incident with a 3-vertex. 
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Further ,  each face f of  size s ( f )  in G has been t ransformed into a face f '  of size 
s(f)"  3" 2 k- 1 in G', insert s ( f )  copies of the const ruct ion  of Fig. 3 as 'sectors'  within 
each face f ' ,  where s ( f )  > 4. The result ing graph G" satisfies the condi t ions  of the 
theorem. This completes  the proof. []  
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